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ABSTRACT

In this paper we introduce and investigate weak form of G-
continuous functions in G-metric spaces, namely GP-continuous
functions, via G° -open sets. We give the notions of contra

GP-continuous functions, almost contra GP-continuous functions,
weakly GP”-continuous functions and slightly G*-continuous
functions.
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1. INTRODUCTION

In 2006 Mustafa and Sims , [2], introduced a new approach to gen-
eralized metric spaces, called G-metric space, and also introduced
the notion of G-continuous functions. In 2021, [3]], we introduced
the concept of G®-open sets by utilizing the open balls in G-metric
spaces.

DEFINITION 1.1. [2]] Let X be a nonempty set and R be the
set of real numbers. A function G : X x X x X — Riscalled a
G-metric function on X if it satisfies the following:

(1) G(z,z,y) >0forallz #y € X;

(2) G(z,y,z) =0ifandonlyifx =y = z;

3) G(z,z,y) < G(z,vy, z) forevery x,y, z € X withy # z;

4) G(z,y,z) = G(p(z,y, z)) for every x,y,z € Xand for any
permutation p of x, y, 2;

3) G(z,y,2) < G(z,u,u)+G(u,y, z) forevery z,y, z,u € X.

If G is a G-metric function on X, then the pair (X, G) is called a

G-metric space.

Let (X, G) be a G-metric space, ¢ € X and A C X. The open
ball with center z and radius € in metric space (X, G) is denoted
by Bg(z, €) and defined by

Bg(z,¢) = {y € Xl|d(z,y,y) < ¢}

The closed ball with center x and radius € in G-metric space (X, G)
is denoted by C (z, €)and defined by

CG(iﬂ,E) = {y € X|d($,y,y) < 6}'

The set A is called an open set in G-metric space (X, G) if for
every x € A, there is € > 0 such that Bg(x,€) C A. The set A is
called closed set in metric space (X, G) if X — A is an open set in
G-metric space (X, G).

DEFINITION 1.2. [2] Let (X,G) and (X', G') be two G-
metric spaces. The function f : (X,G) — (X', G) is called G-
continuous at a point @ € X if given € > 0, there exists § > 0 such
that z,y € X and G(a, z,y) < § implies G'(f(a), f(z), f(y)) <
€. A function f is G-continuous if it is G-continuous at all points
a€ X.

THEOREM 1.3. [2] Let (X, G) and (X', G’) be two G-metric
spaces. A function f : (X, G) — (X', G') is G-continuous if and
only if f~*(H) is an open set in (X, G) for every open set H in

Let (X,G) be a G-metric space and A C X. A point z € X
is called a G-point of A in G-metric space (X, G), [3] if there is
0 > 0 such that for every y € Bg(z, ),

Ba(y,e) NG # 0 Ve > 0.

GP(A) denotes the set of all G#-points of A in G-metric space
(X,G)

DEFINITION 1.4. [3] Let (X, G) be a G-metric space. A sub-
set A C X is called a G®-open set in G-metric space (X, G) if for
every z € A,

Ba(z,e) N GP(A) #0 Ve > 0.

A subset A € X is called a GP-closed set in G-metric space
(X, @) if X — Ais a G®-open set in G-metric space (X, G).

THEOREM 1.5. Every open set is a GP-open set.

This paper is organized as follows. Section 2 introduces a class
of G”-continuous functions in G-metric space. Section 3 gives
the notions of contra G®-continuous functions, almost contra G-
continuous functions, weakly G°-continuous functions and slightly
GP-continuous functions.

2.  GP-CONTINUOUS FUNCTION

DEFINITION 2.1. Let (X, @) and (X', G’) be two G-metric
spaces. A function f : (X,G) — (X’,G") of a G-metric space
(X, G) into a G-metric space (X', G’) is called GP-continuous
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function if f~1(U) is a G®-open set in (X, G) for every open set
Uin (X', G").

THEOREM 2.2. Let (X,G) and (X', G’) be two G-metric
spaces. A function f : (X,G) — (X’,G) of a G-metric space
(X, @) into a G-metric space (X', G") is G”-continuous if and
only if f~1(F) is a G®-closed set in (X, G) for every closed set
Fin (X', @).

PROOF. Let f : (X,G) — (X', G') be a GP-continuous and F'
be any closed set in (X', G’). Then f1(X' — F) = X — f~1(F)
is a GP-open set in (X, G), that is, f~1(F) is GP-closed set in
(X, G). Conversely, suppose that f~!(F) is a G®-closed set in
(X, G) for every closed set F' in (X', G"). Let U be any open set
in (X', G"). Then by the hypothesis, f (X' —U) = X — f~1(U)
is is a GP-closed set in (X, G), thatis, f~1(U) is a G®-open set in
(X, G). Hence f is a GB-continuous. [

THEOREM 2.3. Every G-continuous function is GP-

continuous function.

PROOE. Let f : (X,G) — (X', G') be a G-continuous function
and U be any open set in (X', G’). Then f~1(U) is an open set in
(X, G) and by Theorem , f~1(U) is a GP-open setin (X, G).
That is, f is a G®-continuous function. [J

The proof of the following lemma is similar for the proof of Theo-
rem (2:2).

LEMMA 2.4. A function f : (X,G) — (X',G') of a
G-metric space (X,G) into a G-metric space (X', G’) is G”-
continuous if and only if f=*(F) is a G®-closed set in (X, G) for
every closed set F' in (X', G").

Let (X, G) be a G-metric space and A C X. The closure operator
of A is denoted by C1* (A) and defined by

CI*(A)=n{H C X : AC H and H is closed set}.
The interior functor of A is denoted by IntX (A) and defined by
Int*(A) =U{H C X : HC Aand H is open set}.
The G-closure operator of A is denoted by C' lg (A) and defined by
Cl2(A)=n{H C X : AC H and H is G’-closed set}.
The G-interior functor of A is denoted by Intg(A) and defined by

Intl(A)=U{H C X : HC Aand H is G”-open set}.

THEOREM 2.5. A function f : (X,G) — (X',G’) of a
G-metric space (X,G) into a G-metric space (X',G’) is G#-
continuous if and only if f[CIZ,(A)] € CI1X'(f(A)) forall A C
X.

PROOF. Let f be a G#-continuous and A be any subset of
(X, Q). Then CIX'(f(A)) is a closed set in (X', G"). Since f is
a G#-continuous then by Lemma , FHCIE (f(A))]is a GP-
closed set in (X, G). That is,

CILIF YO (£(A)]] = fHCX (F(A))).

Since f(A) C CIX'(f(A)) then A C f~1[CIX'(f(A))]. This im-
plies,

CIZ(A) C O [FHCIX (FA))]] = FHOE (F(A))].
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Hence f[CIE(A)] C CIX'(£(A)).
Conversely, let H be any closed setin (X', G'), that is, C1*' (H) =
H. Since f~'(H) C X. Then by the hypothesis,

FICULF M (E)] € CVX'[f(f (H))] € CUY (H) = H.

This implies, CI5,[f ' (H)] C f~*(H). Hence CI5[f ' (H)] =
f~Y(H), thatis, f~1(H) is a GP-closed set in (X, G). Hence by
Lemma (2.4), f is a G®-continuous. [

THEOREM 2.6. A function f : (X,G) — (X',G') of a
G-metric space (X,G) into a G-metric space (X',G') is G°-
continuous if and only if CI2(f~1(B)) C f~1(C1X'(B)) for all
BCX'.

PROOF. Let f be a G®-continuous and B be any subset of
(X',G"). Then C1¥X'(B) is a closed set in (X', G"). Since f is
a G”-continuous then by Lemma , FUCIX(B)] is a GP-
closed set in (X, G). That is,

CLg [ 1o (B)]] = 1 [C1Y (B)].
Since B C CIX'(B) then f~1(B) C f~*[C1X'(B)]. This implies,
Clg(f1(B) C Clg[fH[CrX (B)]] = fHC1X(B)].

Hence C12,(f~*(B)) C f~'[C1X'(B)]. /
Conversely, let H be any closed setin (X', G'), thatis, CI1%X (H) =
H. Since H C X'. Then by the hypothesis,

CUG(f ' (H) € fH(C1X(H)) = [ (H).

This implies, CI5[f ' (H)] C f *(H). Hence CI5[f ' (H)] =
FY(H), thatis, f=*(H) is a GP-closed set in (X, G). Hence by
Lemma (2.4), f is a G®-continuous. [

THEOREM 2.7. A function f : (X,G) — (X',G') of a
G-metric space (X,G) into a G-metric space (X',G’) is G#-
continuous if and only if f~!(Int*'(B)) C Inty[f '(B)] for
all BC X',

PROOF. Let f be a G®-continuous and B be any subset of
(X',G"). Then IntX'(B) is an open set in (X', G"). Since f is
a GP-continuous then f~'[IntX'(B)] is a G-open set in (X, Q).
That is,

Intl [f71 It (B)]] = £ [Int™' (B)).

Since IntX'(B) C B then f~'[IntX'(B)] € f~'(B). This im-
plies,

£ It (B)] = Intl [ [Int™' (B)]]  Int(F7(B)).

Hence f~!(Int™'(B)) C Int,[f(B)].
Conversely, let U be any open set in (X', G"), that is, IntX (U) =
U. Since U C X'. Then by the hypothesis,

FHU) = FHIntX (U)) C Intg[f7H(U)).

This implies, f~(U) C Intl[f '(U)]. Hence f(U) =
Int2[f1(U)), thatis, £~ (U) is a G-open set in (X, ). Hence
fis a GB-continuous. [
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3. CONTRA G”-CONTINUOUS FUNCTIONS

DEFINITION 3.1. A function f : (X,G) — (X', G’) of a G-
metric space (X, G) into a G-metric space (X', G') is called contra
GP-continuous function if f~1(V') is a G®-closed set in (X, G) for
every open set V in (X', G').

THEOREM 3.2. A function f : (X,G) — (X',G’) is contra
GP-continuous if and only if f~!(F') is a GP-open set in (X, G)
for every closed set F'in (X', G’).

THEOREM 3.3. A function f : (X,G) — (X', G’) is contra
GP-continuous if and only if for each z € X and each closed set
Fin (X', G") containing f(z), there is a G®-open set U in (X, G)
containing x such that f(U) C F.

PROOF. Suppose that f : (X,G) — (X', G’) is contra GP-

continuous. Let z € X and F be a closed set in (X', G') containing
f(x). Then by the last theorem, U = f~!(F) is a G®-open set in
(X,@G). Since f(z) € Fthenz € f1(F) = U and f(U) =
F(F) C F.
Conversely, Let F' be a closed set in (X', G’). For each z €
f~Y(F), f(z) € F. Then by the hypothesis, there is a G”-open
set U, in (X, G) containing x such that f(U,) C F. Therefore,
we obtain

FUF)=U{Us sa € fH(F)}

Then f~*(F) is a G#-open set in (X, G). Hence by the last theo-
rem, f is a contra GP®-continuous. [

DEFINITION 3.4. A function f : (X,G) — (X',G’) of a G-

metric space (X, G) into a G-metric space (X', G') is called almost
GP-continuous if for each # € X and each open set V in (X', G")
containing f(z), there is a GP-open set U in (X, G) containing =
such that f(U) C Intl,[CIX' (V).
A function f : (X,G) — (X', G’) of a G-metric space (X,
into a G-metric space (X', G") is called G®-open function if f(
is a GP-open set in (X', G') for every G#-open set V in (X, G).

THEOREM 3.5. If a function f : (X,G) — (X',G') is a

G®-open function and contra G-continuous then f is an almost
GP-continuous.

Q)
V)

PROOF. Let z € X be any point in (X, G) and V' be any open
setin (X', G") containing f(x). Since f ia contra G®-continuous
and C1X' (V) be a closed set in (X', G') containing f(z) then by
Theorem , there is a G®-open set U in (X, G) containing x
such that f(U) € CIX'(V). Since f is a G®-open function and U
is a G”-open set in (X, G) then f(U) is a G#-open set in (X', G")
and

FU) = Intl, [f(U)] C Intl, [CV¥(F(U))] C Int, [CI* (V)]
This shows that f is an almost G-continuous. [J

DEFINITION 3.6. A function f : (X,G) — (X',G') of a
G-metric space (X, @) into a G-metric space (X', G") is called
weakly G®-continuous function if for each 2 € X and each open
set V in (X', G') containing f(z), there is a G®-open set U in
(X, G) containing x such that f(U) € CIX' (V).

It is clear that every a GP-continuous function is a weakly
G -continuous function.

A subset of G-metric space is called a clopen set if it is both open
and closed set, similar for G®-clopen set.
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DEFINITION 3.7. A function f : (X,G) — (X',G') of a
G-metric space (X, ) into a G-metric space (X', G’) is called
slightly G®-continuous function if for each = € X and each clopen
set U in (X', G") containing f(x), there exists GP-open set V in
(X, G) containing x such that f(V) C U.

THEOREM 3.8. Let f: (X,G) — (X', G’) be a function of
a G-metric space (X, G) into a G-metric space (X', G"). Then the
following are equivalent:

(1) f is slightly G®-continuous.

(2) f7Y(U) is a GP-open set in (X, G) for every clopen set U in
(X', a).

(3) fY(U)is a GP-closed set in (X, G) for every clopen set U in
(X', @").

4) f7Y(U) is a GB-cloopen set in (X, G) for every clopen set U
in (X',G").

PROOF. 1 = 2:LetU be a clopen setin (X', G'). For each x €
FY(U), f(z) € U. Since f is slightly G®-continuous then there
exists G#-open set V, in (X, G) containing z such that f(V,) C
U. This implies, x € V, C f~!(U). Hence

FHU) =0V sz e fHU))

That is, f~1(U) is a G#-open set in (X, G).

2 = 3:Let U be aclopen set in (X', G'). Then X' — U is a clopen
setin (X', G"). By the hypothesis, X — f~1(U) = f~1(X' — U)
is a G#-open set in (X, G). That is, f~*(U) is a G”-closed set in
(X, Q).

3 = 4: It is easy from the previous.

4 = 1: Let z € X be any point in (X, G) and U be a clopen set
in (X', G') containing f(x). By the hypothesis, f~*(U) is a G#-
cloopen set in (X, G). Then V' = f~1(U) is a G®-open set V in
(X, Q) containing z such that f(V) C U. Thatis, f is slightly
GB-continuous. [

THEOREM 3.9. Every weakly G®-continuous is slightly G-
continuous .

PROOF. Let f (X,G) — (X',G') be a weakly GP-
continuous function. Let z € X be any point in (X, G) and U
be any clopen set in (X', G') containing f(z). Then U is an open
set in (X', G') containing f(z). Then there is a G®-open set V' in
(X, G) containing x such that f(V) C CI(U) = U. Hence f is
slightly G#-continuous. [J
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